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Abstract 



We study the Abrikosov-Nielsen-Olesen string in N = 2 supersymmet- 
ric QED with M = 2-preserving superpotential, in which case the Abrikosov 
O ■ string is found to be 1/2-BPS saturated. Adding a quadratic small perturba- 

tion in the superpotential breaks N = 2 supersymmetry to M = 1 supersym- 
metry. Then the Abrikosov string is no longer BPS saturated. The difference 
between the string tensions for the non-BPS and BPS saturated situation is 
found to be negative to the first order of the perturbation parameter. 
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1 Introduction 



The simplest theory where saturated strings exist in the weak coupling regime is 
supersymmetric electrodynamics with the Fayet-Iliopoulos term [jl]. Topologically 
stable solutions in this model and its modifications were considered more than once 
in the past [p], [2|, |3], |]] . If we consider the Af = 2 supersymmetric Yang-Mills theory 
softly broken near the monopole or dyon singularities, the Abrikosov strings develop 
|J. They were discussed in the literature || [7], [|, || previously. We can see them 
in the effective Lagrangians near the singularities [pi, where the superpotential for 
the monoploes (or dyons) can be written as 

W = fiu(a D ) + V2Ma D M (1) 

where M is the monopole field. Minimization of the potential yields the monopole 
condensation, as a result, the standard Abrikosov-Nielsen-Olesen string appears with 
the tension proportional to the mass of the Af = 1 chiral field /i. 
We can expand the u(a£>) term in Eq. (|l|) as 

IJLu(a D ) = —fia D + i]a 2 D + • • • , 

where the zero-th order approximation corresponds to the linear term in which 
preserves Af = 2 supersymmetry [|] . Our task is to find the correction due to the 
quadratic term in ap. In the Sec. 2 we investigate the supersymmetric electrody- 
namics (SQED) with only linear term in ap. The Abrikosov strings in this case are 
found to be 1/2-BPS saturated. In the Sec. 3, we consider the additional quadratic 
term in the superpotential which destroys the BPS property. And the correction 
in the string tension in this case is calculated numerically to the first order of the 
perturbation parameter. 

2 7j-BPS Saturated Abrikosov Strings 

Consider Af = 2 supersymmetric electrodynamics ||. The "photon" is accom- 
panied by its Af = 2 superpartners(photinos)-two neutral Weyl spinors A and if), 
and a complex neutral scalar a. They form an irreducible Af = 2 representation that 
can be decomposed as a sum of two M = 1 representations: a and ip are in a chiral 
representation, $, while and A are in a vector representation, W a . Matter sector 
consists of two M = 1 chiral multiplets M and M with opposite electric charge. The 
renormalizable Af = 2 invariant Lagrangian is described in an Af = 1 language by 
canonical kinetic terms and minimal gauge couplings for all the fields as well as a 
superpotential 

W = - /i$ , (2) 

here we replace the a D in Eq. ([!]) by $ for simplicity. 
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The Lagrangian in component fields is given by 

■ l)„Mn !, M + DjAD»M + iv;u(T"n„V:u + i^m^V^m 
+ (y2iip M XM + /i.e.) + (-V2iip M XM + /i.e.) 

+ (V2aMF M - V2ai)M^M + V2aF M M - V2^ M M 
-V2ifjifj M M + V2FMM - nF + /i.e.) 

+FF + ^D 2 + D (MM - MM) + F M F M + F M F M . (3) 

Here we set the coupling constant e = 1 for the convenience, which is not important 
in our later results. We stick to this convention in what follows. F, Fm, F m and D 
are the auxiliary fields which are given by 

F — 11— \ ~1MM , 
F M = -V2aM, 
F M = -\~2a M . 

D = - (MM - MM) . (4) 

Here M, M are the lowest components of the corresponding superfields, respectively, 
with the electric charges ±1, e.g. 

D li M = d li M-iA li M, D^M = d^M + iA^M . 

The scalar potential is minimized at 

F = F M = F M = , D = , (5) 

which occurs when 

a = 0, MM — -y= , and \M\ = \M\ . (6) 

Then the supersymmetric transformations which preserve M = 2 supersymmetry 
are given by 

5a = V2£X + V2eip , 

Sip = i£D - iia^F^ + V2eF + V2ia"ed^a , 
6F = -V^i^d^X + V^id^a^e, 
5A^ = -ifr^ + iipa^ - iea^X + iXa^e , 
SX = V^ZF + V^ia^d^a + iDe + ia^F^e, 
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5M = v^m + v^m, (7) 

6M = \/2^m + V2^m> 

SipM = \[2eF M + V^ia^eD^M + ^a^DjA - 2ia£,M , 

Sijj^ = ^a^D^M + V^ia^eD^M + V2eF^ - 2ia£M , 

5F M = yftiD^M^e - 2£AM - 2ia£ip M , 

5F A = V^iD^a^e - 2£\M - 2ia^ , 

where the spinorial indices are suppressed. 

Without loss of generality, we can assume the Abrikosov string axis lies along the 
z axis, while the string profile depends only on x, y. Then we obtain the saturation 
equations by requiring the fermionic fields transformations in Eq. (|7|) to vanish as 
follows 

F 12 = V2 [V2MM - fi) , 
{D x + iD 2 )M = 0, (8) 
(D 1 -iD 2 )M = 0, 

with the constraint determining the parameter of the residual supersymmetry, 

iT 3 £ = e, (9) 

which reduces the number of supersymmetries from eight to four. The Abrikosov- 
Nielsen-Olesen string is 1/2-BPS saturated. 
The Ansatz which goes through Eq. (|D is 

M = (JLY e -*/( r ) , (10) 



A<p = -2 
with the boundary conditions 



V2 y 



f(0) = g(0) = 0. 
lim f(r) = 1 , 

1 

~2 ' 



lim g(r) 
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The profile functions, f(r) and g(r) satisfy the first-order differential equations 



r 

9 



:i + 2g) 
r(l-f) 



where the prime denotes differentiation over r. 
One can calculate the string tension as follows 



T 



d 2 x \ ^F? 2 + D1MD1M + D 2 MD 2 M + D X MD X M + D 2 MD 2 M 



- ~ x 2 



+ (jJt- \/2MM) (jj, - \/2MM) + - (MM - MM 



d x 



-j=F l2 - (V2MM - ii 



(D 1 + %D 2 ) M (D 1 + iD 2 ) M 



+ (D x - iD 2 ) M (D 1 - iD 2 ) M + - [MM - MM) - V2/iF 12 



(12) 



— i 



+ i 



d 1 (MD 2 M) - d 2 (MDxM )] } 



di (MD 2 M) - d 2 (MDiMj 
Applying Eq. (§) and neglecting the total derivative terms, we get 

T = -y/2n J d 2 xF 12 . 

3 Small Perturbation in Superpotential 

We can add a small perturbation in the superpotential Eq. (0) 

W = \/2$MM - /j$ + r/$ 2 , 



(13) 



(14) 



where 77 is a real small perturbation parameter. 

Then we can go over the analysis in Sec. 2 in the similar way. But the small 
perturbation will break Af = 2 supersymmetry and the resultant Abrikosov string 
is no longer BPS saturated which can be seen clearly in the string tension 



T 



d 2 x 
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D X \II) X \I + D 2 MD 2 M + D X MD X M + D 2 MD 2 M 



- ~ x 2 



+ (// - V2MM - 2r/a) (/j - \ - 2r/a) + - (MM - MM) 

+ <9ia<9ia + <9 2 a<9 2 a + laaMM + 2aaMM} 

-^F 12 - (v^MM - /j 



d x 



+ (Dx + iD 2 ) M + il> 2 ) M 
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+ (£>i - iD 2 ) M (Di - iD 2 ) M+]- (MM - MM) 2 - V2fiF 12 



-i [Si [MD 2 M\ - d 2 yMDiMJ^ + i [Si \MD 2 M) - d 2 [MD-i.M] 
+ Si (aSia) + S 2 (aS 2 a) - 2r]a (ji - V2MM) } , (15) 

where we have used the equation of motion for field a 

- d\a - d 2 a = 2t](u- \2MM - 2r]a) - 2a MM - 2a MM . (16) 

To the first order of 77, we can still use the Ansatz ( |T0"D for the fields M, M and 
Ap. After applying Ansatz (|T0|) , Eq. (^) becomes to the first order in 77 

d 2 a + d 2 2 a = — 277/x (l - / 2 ) + 2y/2fiaf 2 . (17) 
Then the string tension turns out to be 

T = J d 2 x{ (-■ v/2/iF 12 ) - 2r/a (// - ^2MM) } . (18) 



Then from Eq. (|T^) , (fLq) , we can find the difference of the string tensions between 
non-BPS and BPS saturated situation to be 

AT = J d 2 x {-2r/a (/1 - V2MM) } 

= -277/x /" d 2 ia(l-/ 2 ) , (19) 



where we have used the Ansatz (|10D. 

To see Eq. ( |T9"D more clearly, one can switch to dimensionless quantities 



1 j 
2 



a -> r/a. (20) 

AT = - V277 2 / a (l - J 2 ) d 2 x , (21) 

where a, /, and a; here are dimensionless. 

We can solve Eq. flIID,(|l7D, and calculate AT in Eq. fl2ll) . The result is 

AT = -2v / 2ttt7 2 0.68 < . (22) 



Then we get 
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4 Conclusions 



We investigated the Abrikosov-Nielsen-Olesen string solution in Af = 2 supersym- 
metric electrodynamics with some M = 2-preserving superpotential. The string 
solution is due to the superpotential rather than due to the Fayet-Iliopoulos term. 
The Abrikosov string was found to be 1/2-BPS saturated which follows directly from 
the M = 2 supersymmetric transformations. After the M = 2 supersymmetry is 
broken to M = 1 by the perturbation in the superpotential, the Abrikosov string is 
no longer BPS saturated. And the string tension in this case was found to be less 
than that of the BPS case. 
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